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SELF-ADJOINT EXTENSIONS OF DIFFERENTIAL OPERATORS ON 

RIEMANNIAN MANIFOLDS 

OGNJEN MILATOVIC, FRANgOISE TRUC 


Abstract. We study H = D*D + V, where D is a first order elliptic differential operator 
acting on sections of a Hermitian vector bundle over a Riemannian manifold M, and E is a 
Hermitian bundle endomorphism. In the case when M is geodesically complete, we establish the 
essential self-adjointness of positive integer powers of H. In the case when M is not necessarily 
geodesically complete, we give a sufficient condition for the essential self-adjoint ness of H, 
expressed in terms of the behavior of V relative to the Cauchy boundary of M. 


1. Introduction 


As a fundamental problem in mathematical physics, self-adjointness of Schrodinger operators 
has attracted the attention of researchers over many years now, resulting in numerous sufficient 
conditions for this property in For reviews of the corresponding results, see, for instance, 

the books [I11I29]. 

The study of the corresponding problem in the context of a non-compact Riemannian manifold 
was initiated by Gaffney [laile] with the proof of the essential self-adjointness of the Laplacian 
on differential forms. About two decades later, Cordes (see Theorem 3 in m) proved the 
essential self-adjointness of positive integer powers of the operator 


A 


M,r 


A 

dx^ 


Kg^- 


d 

dx^ 


( 1 . 1 ) 


on an n-dimensional geodesically complete Riemannian manifold M equipped with a (smooth) 
metric g = {gtj) (here, {g''^) = {{gij)~^)) and a positive smooth measure dg (i.e. in any lo¬ 
cal coordinates x^, x^,... ,x” there exists a strictly positive C'^-density k{x) such that dg = 
k{x) dx^dx^ ... dx”). Theorem[T]of our paper extends this result to the operator {D*D + V)^ for 
all k G Z_|_, where D is a first order elliptic differential operator acting on sections of a Hermitian 
vector bundle over a geodesically complete Riemannian manifold, D* is the formal adjoint of D, 
and R is a self-adjoint Hermitian bundle endomorphism; see Section [2.31 for details. 

In the context of a general Riemannian manifold (not necessarily geodesically complete), 
Cordes (see Theorem IV. 1.1 in m and Theorem 4 in m) proved the essential self-adjointness 
of for all k G Z+, where 


Pu := AM,fi.u + qu, u ^ 


( 1 . 2 ) 


2000 Mathematics Subject Classification. Primary 58J50, 35P05; Secondary 47B25. 

1 



and q G C°°{M) is real-valued. Thanks to a Roelcke-type estimate (see Lemma 13.11 belowk 
the technique of Cordes m can be applied to the operator {D*D + V)^ acting on sections of 
Hermitian vector bundles over a general Riemannian manifold. To make our exposition shorter, 
in Theorem[T]we consider the geodesically complete case. Our Theorem [2] concerns (V*V -\-V)^, 
where V is a metric connection on a Hermitian vector bundle over a non-compact geodesically 
complete Riemannian manifold. This result extends Theorem 1.1 of m where Cordes showed 
that if (M, g) is non-compact and geodesically complete and P is semi-bounded from below on 
C^{M), then is essentially self-adjoint on for all k G Z+. 

For the remainder of the introduction, the notation D*D -|- R is used in the same sense as 
described earlier in this section. In the setting of geodesically complete Riemannian manifolds, 
the essential self-adjointness of D*D + V with V G was established in [2T], providing a 
generalization of the results in [U (2^ [32] concerning Schrodinger operators on functions 
(or differential forms). Subsequently, the operator D*D + V with a singular potential V was 
considered in [5]. Recently, in the case V G authors of [1] extended the main result 

of [5] to the operator D*D + V acting on sections of infinite-dimensional bundles whose fibers 
are modules of finite type over a von Neumann algebra. 

In the context of an incomplete Riemannian manifold, the authors of [I7l|22l[23] studied the 
so-called Gaffney Laplacian, a self-adjoint realization of the scalar Laplacian generally different 
from the closure of A.m4pl\c^(m)- For a study of Gaffney Laplacian on differential forms, see [23]. 

Our Theorem [3| gives a condition on the behavior of V relative to the Cauchy boundary of M 
that will guarantee the essential self-adjointness of D*D -|- V; for details see Section [2.41 below. 
Related results can be found in [6l [25l [26] in the context of (magnetic) Schrodinger operators on 
domains in M” , and in [10] concerning the magnetic Laplacian on domains in R”’ and certain 
types of Riemannian manifolds. 

Finally, let us mention that Chernoff [7] used the hyperbolic equation approach to establish the 
essential self-adjointness of positive integer powers of Laplace-Beltrami operator on differential 
forms. This approach was also applied in [21 [S] (9] |T8l |T9l |3T] to prove essential self-adjointness 
of second-order operators (acting on scalar functions or sections of Hermitian vector bundles) 
on Riemannian manifolds. Additionally, the authors of [laiii] used path integral techniques. 

The paper is organized as follows. The main results are stated in Section [21 a preliminary 
lemma is proven in Section [3l and the main results are proven in Sections HHSl 

2. Main Results 

2.1. The setting. Let M be an n-dimensional smooth, connected Riemannian manifold without 
boundary. We denote the Riemannian metric on M by < 7 ^^. We assume that M is equipped 
with a positive smooth measure d/r, i.e. in any local coordinates ... ,x"' there exists a 

strictly positive C'^-density k{x) such that dg, = k{x) dx^dx"^ ... dx'^ . Let be a Hermitian 
vector bundle over M and let L‘^{E) denote the Hilbert space of square integrable sections of E 
with respect to the inner product 


where {■,-)ex is the fiberwise inner product. The corresponding norm in Lp‘{E) is denoted by 
II • ||. In Sobolev space notations used in this paper, the superscript k E Z_|_ indicates 

the order of the highest derivative. The corresponding dual space is denoted by W\^c ‘^{E). 

Let E be another Hermitian vector bundle on M. We consider a first order differential 
operator D: C^{E) C^{F), where stands for the space of smooth compactly supported 

sections. In the sequel, by cr{D) we denote the principal symbol of D. 

Assumption (AO) Assume that D is elliptic. Additionally, assume that there exists a constant 
Ao > 0 such that 

\a{D){x,0\ < Aol^l, foT all X e M, ^ eT*M, (2.2) 

where |^| is the length of ^ induced by the metric and \a{D){x,^)\ is the operator norm of 
a{D){x,^): E^ F^. 

Remark 2.2. Assumption (AO) is satished if ZD = V, where V: C°°{E) —)• C°°{T*M (g) Li) is a 
covariant derivative corresponding to a metric connection on a Hermitian vector bundle E over 
M. 

2.3. Schrodinger-type Operator. Let D*: C^{F) C^{E) be the formal adjoint of D 

with respect to the inner product (12.ip . We consider the operator 

H = D*D + V, (2.3) 

where V E ^“^(EndLi) is a linear self-adjoint bundle endomorphism. In other words, for all 
X E M, the operator V{x): E^ E^ is self-adjoint and |E(x)| E where |E(x)| is the 

norm of the operator V{x): Ex Ex- 

2.4. Statements of Results. 

Theorem 1. Let M, , and dg, he as in Section lKH Assume that {M,g'^^) is geodesically 
complete. Let E and F he Hermitian vector bundles over M, and let D : C^{E) —)• C^{F) he 
a first order differential operator satisfying the assumption (AO). Assume that V E (^““(EndLi) 
and 

V(x) > C, for all x E M, 

where C is a constant, and the inequality is understood in operator sense. Then is essentially 
self-adjoint on Cf°{E), for all k E Z+. 

Remark 2.5. In the case V = 0, the following result related to Theorem [1] can be deduced 
from Chernoff (see Theorem 2.2 in m- 

Assume that {M,g) is a geodesically complete Riemannian manifold with metric g. Let D he 
as in Theorem{^ and define 

c(x) := sup{|cr(ZD)(x,0|: |?|t*m = !}• 
c(r) := sup c(x), 

xeB(xo,r) 
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Fix xq £ M and define 


(2.4) 


where r > 0 and B{xQ,r) := {x € M: dg{xQ,x) < r}. Assume that 



Then the operator {D*D)^ is essentially self-adjoint on C^{E) for all k G Z+. 

At the end of this section we give an example of an operator for which Theorem [T] guarantees 
the essential self-adjointness of {D*D)^, whereas Chernoff’s result cannot be applied. 

The next theorem is concerned with operators whose potential V is not necessarily semi- 
bounded from below. 

Theorem 2. Let M, , and dg be as in Section fg!71 Assume that is noncompact 

and geodesically complete. Let E be a Hermitian vector bundle over M and let V be a Hermitian 
connection on E. Assume that V G C°°(Endi?) and 

y{x) > q{x), for all x G M, (2.5) 

where q G C°^{M) and the inequality is understood in the sense of operators E^ ^ E^. Addi¬ 
tionally, assume that 

+ q)u,u) > C\\u\\‘^, for all u e C^{M), (2.6) 

where C G M and is as in with g replaced by g"^^. Then the operator (V*V -|- V)^ 

is essentially self-adjoint on C^{E), for all k G Z_|_. 

Remark 2.6. Let us stress that non-compactness is required in the proof to ensure the existence 
of a positive smooth solution of an equation involving Am,)! + q- In the case of a compact 
manifold, such a solution exists under an additional assumption; see Theorem III. 6 .3 in |12j . 

In our last result we will need the notion of Cauchy boundary. Let dgXM be the distance 
function corresponding to the metric g'^^■ Let (M, dgriu) be the metric completion of (M, dgria). 
We define the Cauchy boundary dcM as follows: dcM := M\M. Note that {M,dgTM) is 
metrically complete if and only if dcM is empty. For x G M we define 

r(x) := inf d TM(x,z). (2.7) 

z&dcM ^ 

We will also need the following assumption: 

Assumption (Al) Assume that M is a smooth manifold and that the metric g"^^ extends to 
dcM. 

Remark 2.7. Let A be a (smooth) n-dimensional Riemannian manifold without boundary. De¬ 
note the metric on N by < 7 ™ and assume that {N,g'^^) is geodesically complete. Let S be 
a A:-dimensional closed sub-manifold of N with k < n. Then M := N\T, has the properties 
M = N and dcM = S. Thus, assumption (Al) is satisfied. 
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Theorem 3. Let M, , and dg be as in Section \2.R Assume that (Al) is satisfied. Let 
E and F be Hermitian vector bundles over M, and let D: C^{E) —>■ C^{F) be a first order 
differential operator satisfying the assumption (AO). Assume that V G L“j,(End£') and there 
exists a constant C such that 


V{x) > 



C, 


for all X G M, 


( 2 . 8 ) 


where Aq is as in 112.^) . the distance r{x) is as in \2. 7| ), and the inequality is understood in the 
sense of linear operators E^ ^ Ex. Then H is essentially self-adjoint on Cf^{E). 


In order to describe the example mentioned in Remark 12.51 we need the following 


Remark 2.8. As explained in [5], we can use a first-order elliptic operator D: C^{E) — 
to define a metric on M. For G TfM, define 

= —'^eTT{{a{D){x,^))* a{D){x,g)) , m = dimEx, (2.9) 

m 

where Tr denotes the usual trace of a linear operator. Since D is an elliptic first-order differential 
operator and a{D){x,fi) is linear in it is easily checked that (12.9p dehnes an inner product 
on TfM. Its dual defines a Riemannian metric on M. Denoting this metric by g"^^ and using 
elementary linear algebra, it follows that (j2.2p is satisfied with Aq = ffm. 


Example 2.9. Let M = with the standard metric and measure, and V = 0. Denoting 
respectively by (^“(M^;]^) and (^“(M^;]^^) the spaces of smooth compactly supported functions 
/: —>■ M and /: —)• R^, we dehne the operator D: (^“(R^jR) C'“(R^;R^) by 


where 


D 


aix,y)£ \ 

J ’ 


a(x,y) = (1 — cos(27re^))x^-|-1; 
h{x,y) = (1 — sin(27re^))y^-|-1. 


Since a, b are smooth real-valued nowhere vanishing functions in R^, it follows that the operator 
D is elliptic. We are interested in the operator 


H := D*D 


(. 2 ±\ 

dx \ dx) dy \ dy) 


The matrix of the inner product on T*M dehned by D via ()2.9I) is diag(a^/2, 6^/2). The matrix 
of the corresponding Riemannian metric g'^^ on M is diag(2a“^, 26“^), so the metric itself is 
ds^ = 2a~‘^dx‘^ + 2b~‘^dy‘^ and it is geodesically complete (see Example 3.1 of 0). Moreover, 
thanks to Remark 12.81 assumption (AO) is satished. Thus, by Theorem [1] the operator {D*D)^ 
is essentially self-adjoint for all k G Z_|_. Furthermore, in Example 3.1 of [5] it was shown that 
for the considered operator D the condition (12.411 is not satisfied. Thus, the result stated in 
Remark 12.51 does not apply. 
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3. Roelcke-type Inequality 

Let M, d/x, D, and cr{D) be as in Section [2.11 Set D := —ia{D), where i = \/—1. Then for 
any Lipschitz function ■0: M —?■ M and u G (E) we have 

D{'ijju) = D{d'il))u + tpDu, (3.1) 

where we have suppressed x for simplicity. We also note that D*{^) = for all ^ G T*M. 

For a compact set K C M, and u, u G Wl^‘^{E), we define 


{u,v)k ■= / {u{x),v{x)) dfj,{x), {Du,Dv)k-= / {Du{x),Dv{x)) d^{x). (3.2) 

JK Jk 

In order to prove Theorem [1] we need the following important lemma, which is an extension of 
Lemma 2.1 in [12] to operator (12.3p . In the context of the scalar Laplacian on a Riemannian 
manifold, this kind of result is originally due to Roelcke [3Uj . 

Lemma 3.1. Let M, , and dg be as in Seetion \2.1[ Let E and F he Hermitian vector 
bundles over M, and let D : C^{E) —>■ C^{F) be a first order differential operator satisfying 
the assumption (AO). Let p: M ^ [0, oo) be a function satisfying the following properties: 

(i) p{x) is Lipschitz continuous with respect to the distance induced by the metric g'^^; 

(ii) p{xo) = 0, for some fixed xq G M; 

(hi) the set Bt := {x G M : p{x) <T} is compact, for some T > 0. 

Then the following inequality holds for all u G W'^^’^{E) and v G W‘^f^{E): 

[ \{Du,Dv)Bt - iD*Du,v)Bt\dt < Xo [ \dp{x)\\Du{x)\\v{x)\dp{x), (3.3) 

Jo J B'j’ 

where Bt is as in (in) (with t instead ofT), the constant Xq is as in 112.2\) . and \dp{x)\ is the 
length of dp{x) G TfM induced by g^^. 

Proof. For e > 0 and t G (0,T), we define a continuous piecewise linear function F^^t as follows: 


{ 1 for s < t — e 

{t — s)/e for t — e < s < t 
0 for s > t 


The function fe,t{x) := Fe,t(p(x)), is Lipschitz continuous with respect to the distance induced 
by the metric g"^^ , and d{fe^t{p{x))) = {F( t{p{x)))dp{x). Moreover we have fe,tv G wlf^{E) 
for all V G Wlf^{E), since 

D{fe,tv) = D{dfe,t)v + fe,tDv. 

It follows from the compactness of Bt that Bt is compact for all t G (0,T). Using integration 
by parts (see Lemma 8.8 in 0 ), for all u G W‘^f^{E) and v G W‘^fl{E) we have 

{D*Du,vfe,t)Bt = {Du,D{vfe,t))Bt = (Du, fe,tDv)Bt + (Du, D{dfe^t)v)Bt, 


which, together with (12.21) . gives 

\iDu,fe,tDv)Bt - {D*Du,vfe,t)Bt \ = \ {Du, D{dfs,t)v)Bt 


< [ \Du{x)\\D{dfe,t{x))v{x)\diJ,{x) < Xo [ \Du{x)\\dfe,t{x)\\v{x)\dfj,{x) 

JBt JBt 

= Xo [ \Du{x)\\F^/p{x))\\dp{x)\\v{x)\dfi{x) 

JBt 

<Xo [ \Du{x)\\F^/p{x))\\dp{x)\\v{x)\dp{x), (3.4) 

J Hqp 

where \dfe^t{x)\ and \dp{x)\ are the norms of dfs,t{x) £T*M and dp{x) £ T*M induced by ■ 
Fixing e > 0, integrating the leftmost and the rightmost side of (|3.4I) from t = 0 to t = T, 
and noting that F'^^{p{x)) is the only term on the rightmost side depending on t, we obtain 



\{Du,fe,tDv)Bt - {D*Du,vfe,t)Bt\dt 


< Xo [ \Du{x)\\dp{x)\\v{x)\I^{x)dp{x), 
J Bj’ 


(3.5) 


where 

Ie{x):=f \F^t{p{x))\dt. 

Jo 

We now let e —>■ 0+ in (13.51) . On the left-hand side of (|3.5I) . as e ^ 0-|-, we have fe,t{x) XBtix) 
almost everywhere, where XBtix) is the characteristic function of the set Bt. Additionally, 
\f£,tix)\ < 1 for all x & Bt and all t G (0,r); thus, by dominated convergence theorem, as 
e 0-|- the left-hand side of (13.51) converges to the left-hand side of (13.3p . On the right- 
hand side of (|3.5I) an easy calculation shows that /^(x) ^ 1, as e —)• 0-|-. Additionally, we have 
|-^£(x)| < 1, a.e. on Bt', hence, by the dominated convergence theorem, as e ^ 0-|- the right-hand 
side of (13.5p converges to the right-hand side of (13.31) . This establishes the inequality (|3.3p . □ 


4. Proof of Theorem [T] 

We first give the definitions of minimal and maximal operators associated with the expression 
H in (|2.3p . 

4.1. Minimal and Maximal Operators. We define := Hu, with Dom(Frmin) := 

C^iE), and //max := (// min )*, where T* denotes the adjoint of operator T. Denoting ^max := 
{u G B{E): Hu G L^(£')}, we recall the following well-known property: Dom(//max) = ^max 
and HmuxU = Hu for all u £ ^max- 

From now on, throughout this section, we assume that the hypotheses of Theorem [T] are 
satisfied. Let xq G M, and define /?(x) := dgXM ixo,x), where dgXM is the distance function 
corresponding to the metric ■ By the definition of pix) and the geodesic completeness of 
{M,g'^^), it follows that pix) satisfies all hypotheses of Lemma 13.11 Using Lemma 13.11 and 
Proposition 14.21 below, we are able to apply the method of Cordes [TT1[T2] to our context. As we 
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will see, Cordes’s technique reduces our problem to a system of ordinary differential inequalities 
of the same type as in Section IV.3 of [12]. 

Proposition 4.2. Let A be a densely defined operator with domain ^ in a Hilbert space ^. 
Assume that A is semi-bounded from below, that A'Sl C Q), and that there exists cq G M such 
that the following two properties hold: 

(i) ((^4 + coI)u,u)j^ > \\u\\^j^, for all u G where I denotes the identity operator in ; 

(ii) {A + cq/)^ is essentially self-adjoint on 3), for some k G Z+. 

Then, (^4 + clfi is essentially self-adjoint on Ql, for all j = 1,2,..., k and all c G M. 

Remark 4.3. To prove Proposition 14.21 one may mimick the proof of Proposition 1.4 in |12j . 
which was carried out for the operator P defined in (|1.2I1 with ^ since only abstract 

functional analysis facts and the property C ^ were used. 

We start the proof of Theorem [1] by noticing that the operator i^min is essentially self-adjoint 
on C^{E)-, see Corollary 2.9 in [5]. Thanks to Proposition 14.21 whithout any loss of generality 
we can change V (x) to V(x) C Id(x) , where C is a sufficiently large constant in order to have 

V{x)> (Aq-I- l)Id(x), for all X G M, (4.1) 

where Aq is as in (|2.2p and Id(x) is the identity endomorphism of Ex- Using non-negativity of 
D*D and (j4.1h we have 

(i/min'Wj'w) > IkiP) for all u G Cf°{E), (4.2) 

which leads to 

ll'wlP < {Hu,u) < ||flu||||tt||, for all u G C^{E), 
and, hence, \\Hu\\ > ||u||, for all u G C^{E). Therefore, 

{H^u, u) = {Hu, Hu) = \\Huf > ||uf, for all u G C^{E), (4.3) 

and 

{H^u,u) = {HHu,Hu) > \\Hu\\^ > ||uf, for all u G 
By (14.3p we have 

||ri|P < {H‘^u,u) < ||tt||, for all u G C^{E), 

and, hence, > ||rt||, for all u G C^{E). This, in turn, leads to 

{H\u) = {H\,H^u) = \\H^u\f > ||uf, for all u G Cf°{E). 

Continuing like this, we obtain {H^u,u) > ||u|p, for all u G C^{E) and all k G Z+. In this case, 
by an abstract fact (see Theorem X.26 in [29|), the essential self-adjointness of H^ on C^{E) 
is equivalent to the following statement: if u G L‘^{E) satisfies H^u = 0, then n = 0. 

Let u G L‘^{E) satisfy H^u = 0. Since V G C°°{E), by local elliptic regularity it follows that 
u G C^{E)f\L‘^{E). Define 


fj := H^-=u, 


j = 0,±l,±2,... 


(4.4) 



Here, in the case k — j <0, the definition (I4.4p is interpreted as We already 

noted that H^dn is essentially self-adjoint and positive. Furthermore, it is well known that 
the self-adjoint closure of /?min coincides with //max- Therefore //max is a positive self-adjoint 
operator, and (//max)~^: is bounded. This, together with fk = u £ L‘^{E) 

explains the following property: fj £ Lp‘{E), for all j > k. Additionally, observe that fj = 0 
for all j < 0 because /o = 0. Furthermore, we note that fj £ C°°{E), for all j £ Z. The 
last assertion is obvious for j < k, and for j > k it can be seen by showing that fj = 0 in 
distributional sense and using fj £ Lf{E) together with local elliptic regularity. To see this, let 
V £ {E) be arbitrary, and note that 

{fj,H^v) = = {u,H’^v) = {H\v) = 0. 

Finally, observe that 

H^fj = fj-h for all j G Z and I £ Z+ U {0}. (4.5) 

With fj as in (14.41) , define the functions aj and /3j on the interval 0 < T < oo by the formulas 

ajiT) := A2 r{fj, fj)B, dt, fijiT) := ///,)b* dt, (4.6) 

Jo Jo 

where Aq is as in ()4.ip and (-, •)sj is as in p3.2p . 

In the sequel, to simplify the notations, the functions oij{T) and Pj{T), the inner products 
(-, •)b„ and the corresponding norms || • Wst appearing in (j4.6p will be denoted by aj, fJj, (-, ■)t, 
and II • lit, respectively. 

Note that Oj and fij are absolutely continuous on [0, oo). Furthermore, aj and fij have 
a left hrst derivative and a right first derivative at each point. Additionally, aj and fij are 
differentiable, except at (at most) countably many points. In the sequel, to simplify notations, 
we shall denote the right first derivatives of aj and fij by a'- and /3'. Note that aj, fij, a'j and /?'■ 
are non-decreasing and non-negative functions. Note also that aj and fij are convex functions. 
Furthermore, since fj = 0 for all j < 0, it follows that aj = 0 and fij = 0 for all j < 0. Finally, 
using and the property fj £ L‘^{E) n C°°{E) for all j > k, observe that 

+ {Dfj,Df,) < {Vfj,fj) + {Dfj,Dfj) = ifj,Hfj) = {fj,fj-i) < oo, 

for all j > k. Here, “integration by parts” in the first equality is justified because //min is 
essentially self-adjoint (i.e. Cf°{E) is an operator core of //max)- Hence, a' and /3' are bounded 
for all j > k. It turns out that aj and fij satisfy a system of differential inequalities, as seen in 
the next proposition. 


Proposition 4.4. Let aj and fij he as in (4-h). Then, for all j > 1 and allT > 0 we have 


and 


OO 

aj + Pj < ^f^j + 

/ oo _ _ \ 


aj < 




(4.7) 


(4.8) 


-. 1=0 
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where Aq is as in d^. and a[, j3[ denote the right-hand derivatives. 


Remark 4.5. Note that the sums in (14.7p and (|4.8p are finite since Oj = 0 and /3j = 0 for i < 0. 
As our goal is to show that fk = u = 0,we will only use the first k inequalities in (14.71) and the 
first k inequalities in (j4.8p . 

Proof of Proposition 14.41 From ()4.6I) and (|4.1I) it follows that 

a, + < r iifj, Vf,)t + {Dfj,Df,)t) dt. (4.9) 

Jo 

We start from ()4.9p . use ()3.3|) . Cauchy-Schwarz inequality, and (14.5p to obtain 

< r + {Dfj,Df,)t) dt 

Jo 

= [ - {fj,D*Dfj)t + {Dfj,Df,)t\ dt 

Jo 

< Ao / \Dfj{x)\\fj{x)\dii{x)+l \{fj,Hfj)t\dt 

J Bj' J 0 

- \iHfj+i,fj-i)t\dt. 


We continue the process as follows: 

Oj + \{Hfj+i,fj_i)t\dt 

= + (/,+i, Vfj.,)t\ dt 

^ - {Dfj+i, Dfj_i)t\ dt 

+ r \{Df,+,,Dfj_i)t - dt + r dt 

Jo Jo 

'J 0 

where we used triangle inequality, (13.3p , Cauchy-Schwarz inequality, and (|4.5p . We continue like 
this until the last term reaches the subscript j — I < 0, which makes the last term equal zero by 
properties of fi discussed above. This establishes (14.7p . 
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To show (I4.8|) . we start from the definition of aj, use (1231), Cauchy-Schwarz inequality, 
and ()4.5p to obtain 

= ^0 [ (/?■, fj)t dt = Xl [ dt 

Jo Jo 

= Ag r + {Vfj,fj+i)t\dt 

Jo 

<\lf |(/,-, - {Dfj,Dfj+i)t\dt 

Jo 

+ \l[ \{Dfj,Df,+i)t-{D*DfjJj+i)t\dt + Xl [ \{HfjJj+i)t\dt 
Jo Jo 

pT 

- ^0 + ^0 / 

^ 0 

We continue like this until the last term reaches the subscript j — I < 0, which makes the last 
term equal zero by properties of /* discussed above. This establishes (|4.8I1 . □ 

End of the proof of Theorem [TJ We will now transform the system (14.70 ^ (14.81) by introducing 
new variables; 

w,(r):=a,(r) + /3,(r), 0,(r) := a,(r)-/3,(r) rG[o,oo). (4.io) 

To carry out the transformation, observe that Cauchy-Schwarz inequality applied to vectors 
VM) and in gives 




which, together with ()4.7ll-()4.8p leads to 



s 1^ 

/Hr- - («; 

OD 

)^ + X] \J 

i-o 

(4.11) 

and 




-(Ui 
2^ ^ 

+ 9j) < Aq 


(4.12) 


where Aq is as in (14.11) and uj[, 9[ denote the right-hand derivatives. 

The functions loj and 6j satisfy the following properties; (i) Uj and 9j are absolutely continuous 
on [0,oo), and the right-hand derivatives a;'- and O'- exist everywhere; (ii) Uj and a;' are non¬ 
negative and non-increasing; (iii) ujj is convex; (iv) w' is bounded for all j > k] (v) a;j(0) = 
9j{0) = 0; and (vi) \9j{T)\ < u}j{T) and \9'j{T)\ < w'(T) for all T G [0,oo). 

In Section IV.3 of [12] it was shown that if uoj and 9j are functions satisfying the above 
described properties (i)-(vi) and the system ()4.1ip - (l4.12p . then Uj = 0 for all j = 1,2,... ,k. In 
particular, we have UkiT) = 0, for all T G [0, oo), and hence fk = 0. Going back to ()4.4p . we get 
= 0, and this concludes the proof of essential self-adjointness of on C^{E). The essential 
self-adjointness of H^, H^, ..., and on C^{E) follows by Proposition 14.21 □ 
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5. Proof of Theorem [2] 

We adapt the proof of Theorem 1.1 in m to our type of operator. By assumption (12. 6 p it 
follows that 

+ q — C + l)u,u) > \\u\\'^, for all u e C'^(M). (5.1) 

Since (|5.1I) is satisfied and since M is non-compact and is geodesically complete, a result of 
Agmon [T| (see also Proposition III. 6 .2 in [12]) guarantees the existence of a function 7 G C°°{M) 
such that 7 (x) > 0 for all x G M, and 

(Am,^ + q - C + l)'y = 'j. (5.2) 

We now use the function 7 to transform the operator H = V*V -|- V. Let L^^(ii') be the space 
of square integrable sections of E with inner product (-jOAti S'® in (EH), where dg is replaced 
by dgi := For clarity, we denote L‘^{E) from Section [2T] bv L^(£'). In what follows, 

the formal adjoints of V with respect to inner products and (^Omi denoted by 

V*’^ and V*’^b respectively. It is easy to check that the map T^\ T^(T') —)• L^^(Fl) defined by 
Tu := 7 “^u is unitary. Furthermore, under the change of variables u 1 — 7 ~^tt, the differential 
expression H = V*’^V + V gets transformed into Hi := Since T is unitary, the essential 

self-adjointness of H^\c^{e) in T^(Fl) is equivalent to essential self-adjointness of 

in Ll^{E). 

In the sequel, we will show that Hi has the following form: 

Hl=V*'^^^V + V, (5.3) 

with 

V{x) := Id(x) + V{x). 

7 

To see this, let w, z £ C^{E) and consider 

{Hiw,z)i,^= {'y~^H{-fw),z)-f‘^dg= {H{-fw),-fz) dg = {H{'yw),'yz)f, 

Jm Jm 

= (V( 7 u;), V( 7 z))^-b (P 7 u;, 72 ;)^ = z)^ +{d^i ® w,d'y ® z)l 2 ^^t*m®e) 

+ {-fVw,dj ® z)l2^(t*m®e) + {d'y ® z)l2^(t*m®e) + {Viw^'yz)^. (5.4) 

Setting ^ := d( 7 ^/ 2 ) G T*M and using equation (1.34) in Appendix C of [33] we have 

(yV-w, dy (g) z)l2(^t*m»e) = (Vw, ^ (g) 2 ;)l 2 (r*M®E) = xw, z)^, (5.5) 

where X is the vector field associated with ^ £ T*M via the metric ■ 

Furthermore, by equation (1.35) in Appendix C of [33] we have 

(dy ® W, 'yVz)L2{T*M<^E) = (^ ® W,Vz)lI(T*M®E) = (V*’'"(C ® w),z)^ 

= -{diY^{X)w, z)fj_ - {Xxw, z)f^, (5.6) 

where, in local coordinates x^, x ^,..., x"", for X = X ^with Einstein summation convention, 

^ {ii ■ 
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(Recall that dji = k{x) dx^dx^ ... dx"^ , where n{x) is a positive C'°°-density.) Since = 
we have 

div^(X) = |d7p - 7 (Am,/.7), (5-7) 

where |d 7 (x)| is the norm of d'y{x) G T*M induced by , and Am,/^ is as in (11.11) with metric 
Combining (I5.4I) - (I5.7I) and noting that 

{d'y®w,d'y0z)L2^*M®E)= / \d'y\‘^{w, z) dfi, 

^ Jm 

we obtain 

{Hiw,z)^^= / (Vtc, V 2 ) 7 ^ d/r + / (Rrc, z) 7 ^ d/r + / j{AM,tj. 7 ){w, z) d^ 

JM Jm Jm 

= {Vw,Xz)l2^^(t*m®e) + {Vw,z)^^ + (7“^(Am,^7)u;,2;)^i 

= + {Vw,z)^^ + (5.8) 

which shows (|5.3p . 

By (|2.5p and (j5.2l) it follows that 

V(x) = Id(x) + R(a:) > (C — l)Id(x), for all x G M, 

7 

where C is as in (12.6p . Thus, by Theorem [1] the operator (ddi)^|coo(E) is essentially self-adjoint 
in L‘j^^{E) for all k G □ 

6. Proof of Theorem [3] 

Throughout the section, we assume that the hypotheses of Theorem [3] are satisfied. In sub¬ 
sequent discussion, the notation D is as in (|3.1I) and the operators ddmin and ddmax are as in 
Section HU We begin with the following lemma, whose proof is a direct consequence of the 
definition of ddmax and local elliptic regularity. 

Lemma 6.1. Under the assumption V G Lj^^(EndPi), we have the following inclusion: 
Dom(dd^ax) C IP'i(E). 

The proof of the next lemma is given in Lemma 8.10 of [5]. 

Lemma 6.2. For any u G Dom(ddmax) o,nd any Lipschitz function with compact support ip: M ^ 
M, we have: 

{D{ipu), D{ipu)) + {Vipu,ipu) = Re{ipHu,ipu) + \\D{dilj)u\\‘^ . (6.1) 

Corollary 6.3. Let H be as in I12.3\) . let u G Lp‘{E) he a weak solution of Hu = 0, and let 
Ip: M be a Lipschitz function with compact support. Then 

{ipu, H{ipu)) = \\D{dip)u\\'^ , (6.2) 

where (•, •) on the left-hand side denotes the duality between (E) and Wcora-(>{E). 
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Proof. Since u G L‘^{E) and Hu = 0, we have u G Dom(//max) C W^^^{E) C where the 

first inclusion follows by Lemma l6.ll Since '0 is a Lipschitz compactly supported function, we 
get ifu G VLcomp(-E') and, hence, G Wcomp(-E). Now the equality (|6.2p follows from (16.11) . 

the assumption Hu = 0, and 

[ipu, H{'ipu)) = {'ijju, D*D{'ijju)) + {V'ilju,'ijju) = {D{'ipu),D{'ipu)) + {V'ilju,'ijju), 

where in the second equality we used integration by parts; see Lemma 8.8 in [5]. Here, the two 
leftmost symbols (•, •) denote the duality between Wcomx>{E) and ’ {E), while the remaining 
ones stand for L^-inner products. □ 

The key ingredient in the proof of Theorem [3] is the Agmon-type estimate given in the next 
lemma, whose proof, inspired by an idea of [25], is based on the technique developed in [TO] for 
magnetic Laplacians on an open set with compact boundary in R”’. 


Lemma 6.4. Let A G R and let v G L‘^[E) be a weak solution of {H — X)v = 0. Assume that 
that there exists a constant ci > 0 such that, for all u G H4omp(Li), 


(u, {H 



n(x)p + Cl||tt 


(6.3) 


where r{x) is as in \2. T\) , Aq is as in IRUj) . the symbol (•,•) on the left-hand side denotes the 
duality between ITcomp(Ll) and Wff^’‘^{E), and | • | fs the norm in the fiber Ex- 
Then, the following equality holds: v = 0. 


Proof. Let p and R be numbers satisfying 0 < p < 1/2 and 1 < R < +oo. For any e > 0, we 
define the function /g: M —)• R by /^(x) = F/(r(x)), where r{x) is as in (12. 7p and E^ : [0, oo) —>■ R 
is the continuous piecewise affine function defined by 

0 for s < e 


Eeis) 


p{s — s)/{p — s) for s < s < p 

s for p < s < 1 

1 for 1 < s < i? 

i?+l — sfori?<s<i?+l 

0 for s > R + 1. 


Let us fix xo G M. For any a > 0, we define the function pa- M —)• R by 


Pa{x) = Pa{dgTM{xo,x)), 

where Pq : [0, oo) —)• R is the continuous piecewise affine function defined by 


( 1 for s < 1/a 

Pais) = < —as + 2 for l/a<s<2/a 
0 for s > 2/a. 


Since dgXM (xq, x) < dgXM (xq, x), it follows that the support of fePa is contained in the set Ba ■= 
{x G M: dgTM {xo,x) < 2/a}. By assumption (Al) we know that M is a geodesically complete 
Riemannian manifold. Hence, by HopRRinow Theorem the set is compact. Therefore, the 
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support of fsPa is compact. Additionally, note that f^Pa is a /3-Lipschitz function (with respect 
to the distance corresponding to the metric with /3 = + a. 

Since v G L‘^{E) and {H — X)v = 0, we have v G Dom(ffniax) C C WlociE), where 

the hrst inclusion follows by Lemma [6dl Since f^Pa is a Lipschitz compactly supported function, 
we get f^PaV G Wcomp{E) and, hence, {{H - X){fePav)) G Wcomp(£^)- 
Using (I2.2p we have 

\\D{d{fePa))vf < xl [ \d{fePa)ix)\'^\v{x)\'^ dp{x), (6.4) 

J M 

where \d{fEPa){x)\ is the norm of d{fsPa){x) G T*M induced by ■ 

By Corollary 16.31 with H — X'm place of H and the inequality (|6.4D , we get 

ifePaV, {H - X){fePaV)) < Aq (6'^) 

On the other hand, using the definitions of /g and pa and the assumption (16.3p we have 


where 


UePaV, {H 


>^)ifePaV)) > Aq 



v{x)\^dp{x) + CiWfePaVW'^, 


( 6 . 6 ) 


Sp,R,a '■= {x £ M: p< r(x) < R and dgTM{xQ,x) < 1/a}. 

In (16.6p and (j6.5p . the symbol (•, •) stands for the duality between lycomp(A') and W//^’‘^{E). We 
now combine (16.6p and (16.5p to get 


Aq / \v{x)\^dp{x) + CiWfePavf <Xl(—^+(^ ||u|p. 

\p-^ J 

We fix p, R, and e, and let a —)• 0+. After that we let e 0+. The last step is to do p —^ 0+ 
and R —)• +oo. As a result, we get v = 0. □ 


End of the proof of Theorem!^ Using integration by parts (see Lemma 8.8 in [5]), we have 

{u, Hu) = {u,D*Du) + {Vu,u) = {Du, Du) + {Vu,u) > {Vu,u), for all u G IUg(^^p(£'), 

where the two leftmost symbols (•, •) denote the duality between Wc3ap{E) and W///^’‘^{E), while 
the remaining ones stand for L^-inner products. Hence, by assumption (12.8p we get: 

{u, {H - X)u) >Xl[ -^\u{x)\^ dp{x) - (A + C)\\uf 
JM X[X) 

> Aq / max ( / , 1 ) |n(g:)P dp{x) - (A + (7 + l)||rt|p. (6.7) 

Jm \r{x)^ ) 

Choosing, for instance, A = —C — 2 in (16.71) we get the inequality (|6.3I) with ci = 1. 

Thus, LImin ” A with A = —C — 2 is a symmetric operator satisfying (u, {H^m — X)u) > ||u|p, 
for all u G C^{E). In this case, it is known (see Theorem X.26 in [29]) that the essential 
self-adjointness of LImin — A is equivalent to the following statement: if u G L'^{E) satisfies 

15 






{H — X)v = 0, then ?; = 0. Thus, by Lemma 16.41 the operator (L^min ~ is essentially self- 

adjoint. Hence, Lfmin is essentially self-adjoint. □ 
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